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Abstract—This paper applies geometric PID control for
asymptotic tracking of a desired trajectory by a hoop robot
in the presence of disturbances and uncertainties. The hoop
robot, consisting of a circular body rolling without slip along
a one-dimensional surface, is a planar analog of a spherical
robot. A variety of coupled mechanical system may be used to
actuate the hoop robot. This paper specifically considers two
different actuators, one a simple pendulum and the other an
internal cart. The geometric PID controller requires the plant
to be a mechanical system, and the hoop robot does not satisfy
this condition. Therefore a geometric inner loop is presented
that gives the hoop robot the required structure. This proce-
dure is here referred to as feedback regularization. Feedback
regularization—in contrast to feedback linearization—is coor-
dinate independent, and hence reflects the fundamental system
structure. Note also that the resulting mechanical system is
nonlinear and underactuated. Subsequently, the geometric
PID outer loop guarantees almost-semiglobal tracking with
locally exponential convergence, and the integral action of
the PID guarantees robustness to constant disturbances and
parameter uncertainties, including constant inclination of
the rolling surface. The complete tracking controller is the
composition of the two coordinate-independent loops, and
therefore is also coordinate independent.
I. INTRODUCTION
Spherical robots combine a perfectly round body, rolling
without slip on a planar surface, with an internal or external
actuation mechanism. Spherical robots are a natural appli-
cation for geometric control, because of the well-known
difficulties in using a single set of coordinates to describe
the dynamics of large rotations [1]. The geometric approach
uses control formulations that remain valid in all coordinate
systems, and so can be easily and consistently implemented
in any convenient set [2], [3], [4], [5]. Despite its apparent
simplicity, the interactions between the spherical body,
the constraint forces, and the dynamics of the actuation
mechanism can lead to complex behavior and a substantial
control challenge. This paper presents an approach to a
feedback tracking controller for a class of spherical robots,
that allows semi-global, locally exponential trajectory track-
ing in the presence of uncertainties, including a constant,
unknown surface inclination.
Many existing results on spherical robots strictly con-
cern open-loop path planning strategies [6], [7], [8], [9] or
are valid only for perfectly horizontal surfaces [10], [11],
[12]. To our knowledge, only one study [13] takes into
account the inclination of the rolling surface. This controller
combines feedback linearization with sliding mode control
[13]. This controller of [13] is formulated in a single
coordinate patch, and hence convergence is only guaranteed
to be local. The controller of [13] also requires perfect
knowledge of the inclination of the rolling surface.
a) b)
Fig. 1. Examples of hoop robots satisfying the constant-distance
assumption.
a) b)
Fig. 2. Examples of hoop robots not satisfying the constant-distance
assumption.
For simplicity of presentation, this approach is demon-
strated on a class of hoop robots—that is, on a planar
version of a spherical robot. A hoop robot consists of a
circular body, rolling without slip on a one-dimensional
surface, and actuated by one of a variety of mechanisms.
The class of hoop robots considered here requires that the
center of mass of the moving actuation mechanism remain
at constant distance from the geometric center of the hoop.
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This assumption is not fundamental; it is invoked to allow
the actuator configuration space to be the circle, S. Figure
1 shows examples of allowable mechanisms, including a
simple pendulum driven around the hoop center, and a cart
that follows a circular path around the hoop center. Figure
2 shows examples of mechanisms that are not considered
in the subsequent analysis, including a simple pendulum
driven around any point other than the hoop center, and a
cart that follows a non-circular path.
This analysis extends two familiar standard notions.
The first is proportional + integral + derivative, or PID,
control. The concept of proportional + derivative, or PD,
control was first extended to the geometric setting in
[2], and subsequently further developed in [3], [4]. The
central object in PD control is the tracking error, and the
insight of the geometric extension is to give the tracking
error dynamics the form of a mechanical system. Such
systems arise naturally in physics, and geometric PD control
design follows from deriving control action from artificial
“potential energy” terms that create “energy minima” where
the tracking error is zero. While the ideas of geometric PD
control can be applied to general Riemannian manifolds, the
expressions are much more compact for systems evolving
on Lie groups. More recently, geometric PD control has
been augmented by integral action to obtain true geometric
PID control [5]. The key insight in this extension is that the
natural form of differentiation of velocity for Riemannian
manifolds is given by the Levi-Civita connection. Imple-
menting an integral error term based on this insight, [5]
obtains configuration tracking of a mechanical system on
a Lie group. The integral action provides almost-global,
locally exponential convergence of the tracking error to
zero in the presence of bounded parametric uncertainty and
bounded constant disturbance forces. However the result in
[5] only applies to configuration tracking of fully-actuated
systems. The broader class of systems that we consider here
corresponds to two or more mechanical systems coupled
through shared control forces. Considered independently,
each subsystem is fully actuated, but since inputs are shared
by two or more configuration variables, the combined
system is underactuated. The subsystems may also be
coupled through quadratic velocity terms arising from the
Reimannian structure corresponding to the overall system
kinetic energy. The first contribution of the present paper is
to extend geometric PID control to output tracking of this
class of underactuated mechanical systems.
Because the system is underactuated, it will not be pos-
sible to achieve configuration tracking of all configuration
variables. Thus we designate one of the mechanical systems
as the output system, and collectively refer to the others as
the actuator system. We will be interested in ensuring that a
output that depends only on the configuration of the output
system tracks a desired output. We will assume that the
output system is fully actuated and that the zero dynamics
of the system has a stable but not necessarily asymptotically
stable equilibrium. The output error system is then the
system describing the discrepancy between the output of
the system and the desired output reference trajectory. The
goal of the underactuated trajectory tracking problem is to
achieve asymptotic convergence of the output error to zero
while ensuring that the velocities of the actuator system
remain bounded.
While the class of coupled systems described above may
seem overly narrow, it arises naturally when multi-body
systems interact with each other. In that case the inputs
are shared owing to the fact that the interaction forces
and moments must be equal and opposite. Due to these
interactions the expression of the dynamics of the individual
subsystems may fail to correspond to simple mechanical
systems. However we may use feedback control to make
them look like interconnected simple mechanical systems.
In some sense, this is a geometric interpretation of partial
feedback linearization (PFL). PFL is a powerful technique
of nonlinear control, in which state feedback is used to
cancel all nonlinearities in the system input-output response
[14]. In contrast rather than cancel terms we introduce terms
that are quadratic in the velocities so that the individual
systems will take the form of simple mechanical systems.
Unlike the PFL procedure, our feedback terms (the terms
we add) are independent of coordinate systems, and there-
fore can be used to provide the best possible global stability
results. The second contribution of the present paper is
to use coordinate-independent feedback to inject quadratic
velocity terms that correspond to the Levi-Civita connection
for the system kinetic energy and thereby provide each of
the subsystems with the structure of a simple mechanical
system. Since the objective is not a linear system, but
rather a simple mechanical system, we refer to this process
as feedback regularization. Under the assumptions of this
paper, every system to which feedback regularization can
be applied can subsequently be controlled to track a desired
output trajectory using geometric PID. Therefore the third
contribution of the current paper is to achieve general
output trajectory tracking for the class of underactuated
mechanical systems described above.
Hoop robots provide an ideal test bed to demonstrate
these techniques. The coupling between the hoop body
and the actuation mechanism is through reaction forces
and moments. If no other forces were present, Newton’s
laws applied to the error system augmented by coupled
system would produce equations of motion suitable for
the geometric PID tracking controller. However, the forces
corresponding to the interaction between the subsystems
destroy that structure. Thus we first use feedback regulariza-
tion to recover the Riemannian structure of the subsystems,
and subsequently apply geometric PID to the regularized
system.
In Section II we present our main results in the very gen-
eral setting of interconnected mechanical systems on com-
pact Riemannian manifolds where we extend the geometric
PID controller of [5] to simultaneously ensure almost-semi-
global, locally exponential tracking of the output of a class
of coupled underactuated mechanical systems. Appendix A
contains a brief summary of helpful background material
on the Riemannian geometry of mechanical systems. In
Section III we derive equations of motion for the hoop
plus the actuation mechanism under the constant distance
assumption. We see that equations that describe each sub-
system do not have the structure of a mechanical system.
In Section IV we show how to use feedback to give the
coupled dynamic system consisting of the tracking error and
the actuation mechanism the structure of an interconnected
underactuated mechanical system on the circle, S. Section
IV applies the general controller developed in Section II
to ensure that the geometric center of the rolling hoop
follows a desired trajectory, with boundedness of the ve-
locities guaranteed for the actuation mechanism. Also in
this section, the convergence properties of the controller
are shown to be robust to bounded parametric uncertainties
and constant unknown bounded disturbances, including
those due to constant but unknown inclination. We have
extended these ideas to the full 3D sphere in [15]. Section
V presents simulations showing excellent performance for
the complete system.
II. INTERCONNECTED MECHANICAL SYSTEMS
In the following we consider a class of interconnected
mechanical systems on Riemannian manifolds. We refer the
reader to [16], [17], [18] for further details on mechanical
systems on Riemannian manifolds.
We will assume that each subsystem evolves on a
configuration space Gν and has an inertia tensor Iν . Here
ν is either s or a, denoting the corresponding subsystem of
the interconnected system. Denote by g˙ν = vν and by ∇ν
be the unique Levi-Civita connection corresponding to Iν .
The class we consider is of the form
Is∇svsvs = τs(vs, va) + ∆s + τu, (1)
Ia∇avava = τaP (ga) + τa(vs, va) + ∆a +B(ga)τu, (2)
where ∆s,∆a represent input disturbances and unmod-
elled forces acting on the system, and τs and τa are
quadratic velocity dependent interaction forces that satisfy
τs(0, va(t)) ≡ 0, τa(0, va(t)) ≡ 0 for any va(t) ∈ TGa.
The system denoted by s will be referred to as the output
system and the system denoted by a will be referred to as
the actuation system. The output system will be assumed
to be fully actuated with respect to the input τu. Let
y : Gs 7→ Gy , be a smooth onto function for some smooth
Lie-group Gy . We will also assume that y is relative degree
two with respect to τu. The output that we are interested in
will be (gy(t), vs(t)) ∈ Gy×TGs. The control problem that
we solve in this section is that of ensuring the almost-semi-
global and local exponential convergence of (gy(t), vs(t))
to (ey, 0) where ey is the identity element of Gy .
From (1) it follows that the output zeroing control τ¯u
must necessarily satisfy
τ¯u = −∆s. (3)
The corresponding zero dynamics of the system is given by
Ia∇avava = τaP (ga) + ∆a −B(ga)∆s. (4)
We will assume that for any given bounded constant
disturbances the zerodynamics (4) have a stable relative
equilibrium. We will state this specifically in the following
assumption:
Assumption 1: For any given bounded constant ∆s,∆a
there exists a smooth positive semi-definite potential func-
tion Va : Ga 7→ R such that
dVa = −(τaP (ga) + ∆a −B(ga)∆s).
What this assumption implies is that ensuring
limt→∞(gy(t), vs(t)) = (ey, 0) with limt→∞ τu(t) = −∆s
exponentially guarantees that the velocity of the actuator
system va(t) remains bounded.
A. Nonlinear PID Control for Interconnected Mechanical
Systems
The control problem that we solve in this section is that
of ensuring the almost-semi-global and local exponential
convergence of the smooth output (y(t), vs(t)) to (ey, 0)
where ey is the identity on Gy . Let Vy : Gy 7→ R be a
polar Morse function on Gy with a unique minimum at y0.
Let ηs ∈ TgsGs be the pullback of the gradient of Vy that is
defined by 〈〈ηs, vs〉〉 = dVs(vs) where Vs(gs) , Vy(y(gs)).
Consider the nonlinear potential shaping plus PID con-
troller
Is∇svsvI = Isηe, (5)
τu = −Is(kpηs + kdvs + kIvI), (6)
where vI , ηe ∈ TgsGs with the gains kp, kI , kd chosen such
that
0 < kI <
k3d(1− δ2)
µ
, (7)
kp > max
{
k1, k2, 2κk
2
d
}
, (8)
where,
k1 =
kI
2kd
√1 + 16rκ2k2d
kI
− 1
 ,
k2 =
rk2I
2k4d
(
1 +
√
1 +
4k3d(k
2
I + 4κk
3
d(1 + κk
3
d))
rk3I
)
.
In the Appendix we prove the following theorem.
Theorem 1: Consider any compact subset Xs ⊂ Gy ×
Gs × Gs that contains (0, 0, 0). Assume that the conditions
of Assumption-1 hold. Then if the gains of the nonlinear
PID controller (5)–(6) are chosen to satisfy (7) and (8) the
followings hold for almost all initial conditions in Xs:
1) (y(t), vs(t), vI(t)) converges to an arbitrarily
small neighborhood of (y0, 0, 0) while,
2) if the uncertainties and the disturbances are con-
stant then limt→∞(y(t), vs(t)) = (y0, 0) locally
exponentially.
III. PLANAR HOOP DYNAMICS ON AN INCLINED RAMP
Figure 3 shows a hoop of radius r, rolling without
slip on an inclined, one-dimensional surface of constant
inclination β with respect to the horizontal plane. Let
e = [e1 e2] be an earth-fixed inertial frame with second
axis pointing along the outward normal of the surface. Let
b = [b1 b2] be a reference frame fixed on the rolling
hoop, with origin coinciding with the geometric center of
the hoop. Let θ be the angle of rotation of the frame b with
respect to the frame e, and let ω = θ˙. Let mh be the mass
of the hoop and Ih be the inertia of the hoop. We assume
that a mechanism of mass ma and moment of inertia Ia
β
e1
e2
 θ
b1b2
l
mh ,Ih
ma ,Ia
r
 θa
c1c2
oa
o
Fig. 3. Reference frames for geometric hoop robot analysis. The frames
are well-defined for any actuation mechanism satisfying the constant-
distance assumption.
actuates the hoop. Let c = [c1 c2] be a frame fixed to the
actuation mechanism, with origin oa coinciding with the
actuation center of mass and axis c2 pointing towards the
center of the hoop. Let θa be the rotation angle of c with
respect to e and ωa = θ˙a.
Let l be the distance from the geometric center of the
hoop to the center of mass of the actuation mechanism.
We restrict our attention to cases where l remains constant.
Under this assumption, the actuation mechanism evolves
on the circle S, and is completely characterized by config-
uration variable θa. While this assumption is not strictly
necessary to the rest of the analysis, it allows a compact
characterization of the result.
We assume that the external forces and external mo-
ments acting on the hoop are due to the effect of gravity,
reactions that arise as a consequence of the interaction with
the actuation mechanism and the no-slip rolling constraint.
The gravity force acting on the hoop is fg = −mhg eg
where eg is the unit vector in the vertical direction, which
can be written as sinβ e1 + cosβ e2 with respect to e. Let
fλ = [fλ1 fλ2 ]
T ∈ R2 be the e-frame representation
of the force that ensures the no-slip rolling constraints.
The resultant moment acting on the hoop due to these
constraint forces is τλ = rfλ1 . Let fc = [fc1 fc2 ]
T ∈ R2
be the e-frame representation of the force acting on the
hoop due to the interaction with the actuation mechanism
and let τfc be the resultant moment acting on the hoop.
All moments are assumed to be taken with respect to the
geometric center of the hoop. By Newton’s third law, −fc
and −τfc are the reaction forces and moments acting on the
actuation mechanism. For cart-type actuation mechanism
the interaction between the hoop and the cart occurs only
through no-slip constraints at the cart wheels, and hence
τc ≡ 0. For pendulum-type actuation, τfc ≡ 0.
For the hoop, Euler’s rigid body equations and the
hoop/ground no-slip constraint give
Ihω˙ = τc + τfc + rfλ1 .
fλ1 = −mhg sinβ − fc1 −mhrω˙,
and hence
(Ih +mhr2)ω˙ = rmhg sinβ − rfc1 + τc + τfc .
For the actuator, Euler’s rigid body equations give
Iaω˙a = l sin θafc2 + l cos θafc1 − (τc + τfc),
fc1 = −mag sinβ +ma(rω˙ − lω˙a cos θa + lω2a sin θa)
fc2 = −mag cosβ −mal(ω˙a sin θa + ω2a cos θa).
Defining
M , mh +ma,
I(θa) ,
Ih +Mr2 − m2ar2l2Ia +mal2 cos2 θa
 ,
τ
ω
g , rMg sin β −
m2arl
2g
Ia +mal2
cos θa sin (θa + β),
τ
ωa
g ,
marl cos θa
Ia +mal2
τ
ω
g − I(θa)
(
magl sin(θa + β)
Ia +mal2
)
,
B(θa) ,
(
marl cos θa
Ia +mal2
−
I(θa)
(Ia +mal2 −marl cos θa)
)
,
yields the following complete hoop robot equations of
motion on the state space S× R× R× S× R:
θ˙ = ω, (9)
o˙ = −rω, (10)
I(θa)ω˙ = −marl sin θaω2a + τωg + τu, (11)
θ˙a = ωa, (12)
I(θa)ω˙a = −m
2
ar
2l2 sin θa cos θa
Ia +mal2
ω2a + τ
ωa
g +B(θa)τu. (13)
The single control input, which appears in both the ω
and ωa equations, is defined as
τu ,
(Ia +mal2 −marl cos θa)
Ia +mal2
(τc + τfc) .
IV. POSITION TRACKING FOR THE HOOP
The control task that we consider is to ensure that the
output satisfies limt→∞ o(t) = oref(t) where oref(t) ∈ R
is a twice differentiable reference and ωref = −o˙ref/r. Let
oe , (o − oref), ωe , (ω − ωref). Note that in the special
case of stabilizing the hoop at a point the references are
constant: oref(t) ≡ const and ωref ≡ 0.
Differentiating these quantities one sees that the error
dynamics of the system take the explicit form
o˙e = −rωe, (14)
I(θa)ω˙e = −marl sin θaω2a + τωg − τref + τu, (15)
where I(θa) , Ih + Mr2 − m
2
ar
2l2
Ia+mal2 cos
2 θa, and τref ,
I(θa)ω˙r. We notice that the error dynamics evolve on the
tangent bundle to the circle, TS, with output y = oe evolv-
ing on the Lie-group R. The natural notion of differentiation
on the tangent space of a Riemannian manifold is the Levi-
Civita connection, ∇. As discussed in Appendix A1, the
unique Levi-Civita connection on S corresponding to the
kinetic energy induced by the inertia tensor I is explicitly
given by
I(θa)∇ζη = I(θa)dη(ζ) + m
2
ar
2l2 sin (2θa)
2(Ia +mal2)
ζη,
for any ζ, η ∈ TgaS. Setting ζ to ωa and η to ωe gives
I(θa)∇ωaωe = I(θa)ω˙e +
m2ar
2l2 sin (2θa)
2(Ia +mal2)
ωaωe. (16)
As discussed in Appendix A, using the Levi-Civita
connection, the equations of motion of a mechanical system
are
I∇g˙ g˙ = γg. (17)
where γg is the generalized force acting on the system.
Comparing with (16) and (17) it is clear that , because of
the absence of the term
m2ar
2l2 sin (2θa)
2(Ia +mal2)
ωaωe
(15) does not represent a simple mechanical system. This
prevents the straightforward use of the nonlinear PID con-
troller proposed by the authors in [5].
However we notice that if we choose the regularizing
plus potential shaping controls
τu = −m
2
ar
2l2 sin 2θa
2(Ia +mal2)
ωaωe −marl sin θaω2a
+
m2arl
2g sin (2θa)
2(Ia +mal2)
+ τ˜u, (18)
then the error dynamics of the system (15) can be re-written
as,
I(θa)∇ωaωe = ∆h + τ˜u. (19)
The third term in the above equation (18) shapes the
potential energy of the error dynamics. Here ∆h represents
the effects due to the ignorance of the inclination of the
rolling surface and the omission of the term τref in the
controller. In similar fashion we find that the actuation
system dynamics can also be expressed as
I∇ωaωa = τ˜ωag + ∆a + τa(ωe, ωa) +B(θa)τ˜u. (20)
where ∆a represents modeling errors and disturbances.
Here
τ˜ωag , τωag +B(θa)
(
m2al
2g sin (2θa)
2(Ia +mal2)
)
,
τa(ωe, ωa) , −B(θa)
(
m2ar
2l2 sin 2θa
2(Ia +mal2)
ωaωe
)
.
Notice that τa(ζ, η) is bilinear in the two velocity arguments
ζ, η ∈ R. When ωe ≡ 0 it can be shown that there
exists an equilibrium for the actuation mechanism (20) for
any surface of inclination β ∈ (−pi/2, pi/2) if the system
parameters satisfy, malMr ≥ sinβ. Without loss of generality
we assume that the actuation mechanism is chosen such
that this condition is satisfied for a certain operating region
of β.
Note that the combination of the error dynamics of
the system (19) and the actuation mechanism dynamics
(20) takes the form of the general interconnected under
actuated mechanical system (1)–(2) presented in Section II.
The system evolves on (S×R)× (S×R) with the output
y = oe evolving on the Lie-group R. For this interconnected
mechanical system we propose the nonlinear PID controller,
I(θa)∇ωaoI = I(θa)ηe, (21)
τ˜u = −I(θa)(kpηe + kdωe + kIoI), (22)
where, ηe = −oe.
Theorem 1 yields the following corollary:
Corollary 1: Assume that the parameter uncertainty,
unmodelled disturbances, and the velocity references are
bounded and constant. There exists sufficiently large gains
of the nonlinear PID controller (21)–(22) that satisfy (7)–
(8) such that limt→∞(oe(t), ωe(t)) = 0 semi-globally and
exponentially while ensuring that ωa(t) remains bounded
for any (θa(0), ωe(0), ωI(0), ωa(0)) ∈ X , where X ⊂
S × R × R × R is compact. Here 1/µ < κ < 2/µ where
µ = 1 +
m2ar
2l2kX
2
√
(Ih+Mr2)((Ih+Mr2)(Ia+mal2)−m2ar2l2)
.
V. SIMULATION RESULTS
In here we present simulation results that demonstrate
the effectiveness of the nonlinear PID tracking controller for
a rolling hoop on an inclined plane. The actuation mecha-
nism we consider is of the type of a cart or a pendulum.
In order to demonstrate the robustness of the controller we
choose the system parameters in the simulations to be 50%
different from the nominal parameters used in the controller.
The nominal parameters for the hoop were chosen to
be mh = 1.00 kg and Ih = 0.021 kg m2 while the outer
radius of the hoop was chosen to be r = 0.18 m. These
parameters were chosen to correspond to a hoop made of
plastic (density 850 kg m−3) with thickness of 3 mm. The
nominal parameters for the actuation appendage was chosen
to be ma = 3.28 kg and Ia = 0.035 kg m2. The distance
from the geometric center of the hoop to the center of mass
of the actuation mechanism was chosen to be l = 0.14 m.
For these parameters we find that the maximum inclination
of the rolling plane for which an equilibrium exists for
the actuation mechanism is βmax = 36◦. Thus in the
simulations the hoop is assumed to roll on a inclined plane
of 20◦ < βmax. We stress that the implementation of the
controller (21)–(22) does not require the knowledge of the
angle of inclination of the rolling surface.
We present results for: a.) stabilizing the hoop at a
point, b:) tracking a linear velocity, and c.) tracking a
sinusoidal velocity. The simulation results are presented in
figure (4)–(7). Figure-4 shows the reference position and
actual position of the geometric center of the hoop, Figure-
5 and figure-6 shows the position error of the geometric
center of the hoop and the spatial angular velocity error of
the hoop respectively while in figure-7 we illustrate that the
spatial angular velocity of the actuation mechanisms remain
bounded. Specifically, as expected, the actuator velocities
tend to zero in the case of the constant set point and the con-
stant reference velocity while it does not for the sinusoidal
velocity profile. In all simulations the initial position of the
hoop was assumed to be at o(0) = [−2 r]T m and the initial
spatial angular velocity for the hoop and inner cart were
chosen as ω(0) = −0.1 rad s−1 and ωa(0) = 0.1 rad s−1
respectively. In all simulations the controller gains were
chosen to be kp = 16, kd = 7, kI = 4, kc = 0.1.
VI. CONCLUSIONS
In this paper we present a control strategy for semi-
almost-global output tracking for a class of interconnected
under actuated mechanical systems. The control strategy
(a) Fixed point (b) Linear velocity profile
(c) Sinusoidal velocity profile
Fig. 4. The position followed by the geometric center of the hoop for
the PID controller (21)–(22) in the presence of parameter uncertainties as
large as 50%. The blue curve shows the reference position while the red
curve shows the actual position of the center of the hoop.
(a) Fixed point (b) Linear velocity profile
(c) Sinusoidal velocity profile
Fig. 5. The position error, oe(t), for the PID controller (21)-(22) in the
presence of parameter uncertainties as large as 50%.
(a) Fixed point (b) Linear velocity profile
(c) Sinusoidal velocity profile
Fig. 6. The spatial angular velocity error, ωe(t), for the PID controller
(21)–(22) in the presence of parameter uncertainties as large as 50%.
involves two steps. In the first step, feedback control is used
to give each of the subsystems the structure of a simple
mechanical system. We call this feedback regularization.
Next we use PID control to ensure that the output of one
of the systems tracks desired trajectory while ensuring the
stability of the other system. These results are the applied
to tracking the geometric center of a hoop rolling without
slip on an inclined plane of unknown inclination. The
(a) Fixed point (b) Linear velocity profile
(c) Sinusoidal velocity profile
Fig. 7. The spatial angular velocities of the inner cart, ωa(t), for the PID
controller (21)–(22) in the presence of parameter uncertainties as large as
50%.
problem is a one dimensional approximation of a spherical
robot. The controller is shown to ensure semi-almost-global
exponential tracking in the presence of bounded parametric
uncertainties and bounded constant disturbances.
APPENDIX
A. Mechanical Systems on Riemannian Manifolds
A mechanical system is defined by a configuration
space, the kinetic energy, the generalized forces, and
holonomic and non-holonomic constraints [16], [17]. The
configuration space G has the structure of a (possibly
singular) Riemannian manifold. In most physical systems
the G is a smooth Lie-group. Denote by TgG the tangent
space to G at g ∈ G. The collection of all such tangent
spaces to G is referred to as the tangent bundle, TG .
The generalized velocity of the system at g, denoted by
vg = g˙, is an element of the tangent space TgG while
the generalized force acting on the system at g, denoted
by γg , is an elements of the cotangent space T ∗gG where
T ∗gG is the space dual to TgG. It is customary to denote by
〈·, ·〉 : T ∗gG×TgG 7→ R the action of a covector γg ∈ T ∗gG
on a vector vg ∈ TgG explicitly given by 〈γg, vg〉.
A singular Riemannian metric on G assigns in a smooth
fashion a degenerate inner product, 〈〈·, ·〉〉 : TgG×TgG 7→
R, on each of the tangent spaces TgG and gives G the
structure of a singular Riemannian manifold. This metric is
chosen such that the kinetic energy of the mechanical sys-
tem is given by KE = 〈〈g˙, g˙〉〉/2. The singular Riemannian
metric allows one to define a map Ig : TgG 7→ T ∗gG by the
relationship 〈Igvg, ug〉 , 〈〈vg, ug〉〉 for all vg, ug ∈ TgG.
The smooth tensor field I : TG 7→ T ∗G that is point wise
defined above is usually referred to as the inertia tensor.
For Riemannian metrics the above defined map Ig is an
isomorphism and thus in this case one can uniquely identify
a vector with a given covector in an intrinsic fashion.
For any vectorfields X,Y, Z ∈ TG the derivative of
〈〈X,Y 〉〉 along solutions of Z is denoted by LZ〈〈X,Y 〉〉.
For a Riemannian or singular Riemannian metric one can
show that there exists a unique 1-form field, I∇XY ∈ T ∗G
that satisfies the following properties [18]:
LZ〈〈X,Y 〉〉 = 〈I∇ZX,Y 〉+ 〈I∇ZY,X〉, (23)
I∇XY − I∇YX = I[X,Y ]. (24)
For a given X,Y ∈ TG this 1-form field is explicitly given
by the Koszul formula:
〈I∇XY,Z〉 = 1
2
(LX〈〈Y,Z〉〉+ LY 〈〈Z,X〉〉 − LZ〈〈X,Y 〉〉
−〈〈X, [Y,Z]〉〉+ 〈〈Y, [Z,X]〉〉+ 〈〈Z, [X,Y ]〉〉) .
It can be shown that this allows one to define a covariant
derivative called the lower derivative [18], I∇ : TG ×
TG 7→ T ∗G, that takes values in T ∗G.
If the metric is Riemannian then I is an isomorphism
and then ∇XY , I−1(I∇XY ) defines a unique covariant
derivative or connection, called the Levi-Civita connection.
In this case (23) states that the connection is metric and
(24) states that the connection is symmetric or torsion free.
From a mechanical system point of view what is more
crucial is the property of metricity given by (23). Using
these notations one can write down Newtons equations in
the intrinsic fashion
I∇g˙ g˙ = γg, (25)
where γg is the generalized force acting on the system. This
expression is valid for both Riemannian metrics as well as
singular Riemannian metrics. Since I is an isomorphism for
Riemannian (non-singular) metrics the mechanical system
can be alternatively written as ∇g˙ g˙ = I−1γg = Γg .
Where as for singular Riemannian metrics the correspond-
ing mechanical system can not be written in this fashion.
In the Riemannian case ∇g˙ g˙ has the notion of intrinsic
acceleration.
1) Mechanical Systems on the Circle: In this section
we consider the special class of mechanical systems that
evolve on the Lie-group S with the desired output evolving
on another Lie-group G.
The space of all possible vector fields on S, referred to
as the tangent bundle to S is denoted by T S ≡ S×R. The
kinetic energy of the system defines a Riemannian metric
on S. It is defined by 〈〈ζ, η〉〉 = I(θ)ζη where the inertia
I(θ) > 0 and ζ, η ∈ R. The unique Levi-Civita connection
that corresponds to the Riemannian metric 〈〈ζ, η〉〉 on S is
explicitly given by
∇ζη = dη(ζ) + Γ111(θ) ζη,
where
Γ111(θ) =
1
2I
∂ I
∂θ
.
The significance of the Levi-Civita connection is that it
satisfies the metricity condition given by
Lξ〈〈ζ, η〉〉 = 〈I∇ξζ, η〉+ 〈I∇ξη, ζ〉,
for vector fields ξ(θ), ζ(θ), η(θ) ∈ TS. A mechanical sys-
tem on S with kinetic energy equal to 12 〈〈ω, ω〉〉 = 12 I(θ)ω2
is then intrinsically represented by
θ˙ = ω, (26)
I∇ωω = τ (27)
where τ ∈ R is the generalized force. Explicitly we have
that (27) is given by I ω˙ + IΓ111(θ)ω2 = τ .
Proof of Theorem 1: Consider any small  > 0 and
compact subsets Xs ⊂ Gy × Gs × Gs and Xa ⊂ Ga × Ga.
Let Vy : Gy 7→ R be a polar Morse function on Gy
with the unique minimum at y0. Let ηs be the gradient
of Vs , Vy ◦ y : Gs 7→ R. Consider the function Ws :
Gy × Gs × Gs × Ga explicitly given by
Ws = kpVs(gs) +
1
2
〈〈vs, vs〉〉s + γ
2
〈〈vI , vI〉〉s
+ α〈〈ηs, vs〉〉s + β〈〈vI , vs〉〉s + σ〈〈vI , ηs〉〉s. (28)
Let zs = [||vI || ||ηs|| ||vs||]. LetWu be the set contained
by the smallest level set of Ws containing Xs and letWl be
the set contained by the largest level set of Ws contained
in the set where ||zs|| < . Let ks > 0 be the smallest
values such that ||zs|| ≤ ks for all (y, vs, vI) ∈ Wu and
||va|| ≤ ka for all va ∈ Xa.
Let ϑ be such that 〈〈ηs, ηs〉〉/(2ϑ) ≤ Vy(y) onWu. The
existence of such a ϑ is guaranteed by the assumption that
Vy is a polar Morse function. Then it follows that W ≥
1
2z
T
s Pszs ≥ 12λmin(Ps)||zs||2 where
Ps =
 γ −σ −β−σ kpϑ −α−β −α 1
 .
Let µmin < ||I∇η|| < µmax for some µmin, µmax > 0 and
µa = min ||Ia∇ηa|| on Wu. Since Vy is assumed to be a
polar Morse function these bounds are guaranteed to exist.
When one chooses β = kIkd , σ = 2κkI , γ =
kI(αkd+kp)
kd
,
then it can be shown that if the controller gains are chosen
to satisfy (7)–(8) then Ps is positive definite.
Differentiating Ws along the dynamics of the closed
loop system we have
W˙s ≤ −zTs Qszs
− 〈p(kpηs + kdωe + kIvI), vs + αηs + βvI〉
− 〈BIs(kpηs + kdvs + kIvI), va〉
+ 〈τsP , vs + αηs + βvI〉+ 〈τs + ∆s, vs + αηs + βvI〉,
where for δ , (1− µmin/µmax)
Qs =

k2I
kd
0 −δkI
0
(
αkp − 2kdµmax
)
(kI−αk2d)
2kd
−δkI (kI−αk
2
d)
2kd
kd − αµmax
 .
It can be shown that we can pick gains such that λmin(Qs)
is arbitrary.
The assumption that τs is a quadratic velocity terms
implies that the term 〈τs, vs + αηs + βvI〉 is cubic in the
velocities. Thus we see that there exists g1, g2, g3 ≥ 0 such
that
〈τs, vs+αηs+βvI〉 ≤ g1||zs||3+g2||va||||zs||2+g3||va||2||zs||.
Also let gsτ > 0 be such that τ
s
P (gs, ga) < g
s
τ . Let
k0a > 0 be such that (2Va(ga) + ||va||2) < k0a on Xa
and ka > k0a. We will show that it is possible to ensure
limt→∞(y(t), vs(t)) = (y¯0, 0) semi-globally and locally
exponentially while ||va(t)|| < ka for all t > 0.
For all (y, va, vI) ∈ Xu and va such that ||va|| ≤ ka
we have
W˙s ≤ −(λmin(Qs)− g0||p|| − g1ks − g2ka)||zs||2
+ (3||∆s||+ gsτ + g3k2a) ||zs||,
where g0 , max{kp, kd}, g1 , (3||∆s|| + gsτ + g3k2a),
and p is an operator that depends on the magnitude of the
parameter uncertainties of Is and B. The right hand side is
less than zero when
||zs|| > c = (3||∆s||+ g
s
τ + g3k
2
a)
(λmin(Qs)− g0||p|| − g1ks − g2ka) .
Recall that we have shown that the gains kp, kI , kd can
be chosen sufficiently large so that λmin(Qs) can be
made arbitrarily large. Thus it can be shown that if the
parametric uncertainty is small so that ||p|| < 1 then
the gains kp, kI , kd can be chosen sufficiently large so
that c <  for any given ks,  > 0. Therefore we have
shown that that there exists gains kp, kI , kd such that Ws
is strictly decreasing in Wu/Wl and hence, provided that
||va(t)|| ≤ ka for all time t > 0, the trajectories of the
closed loop system can be made to converge to the set Wl.
Since Ws is quadratically bounded from below it follows
that the convergence is exponential.
If the disturbances and the uncertainties are constant the
Lasalle’s invariance principle implies that the trajectories
of (1) converge to the largest invariant set contained in
the set where W˙s ≡ 0 contained in Wl. For mechanical
systems with constant unknown disturbances and constant
uncertainty these invariant sets are of the form (y¯, 0, v¯I)
where y¯ is a critical point of Vy , and v¯I is a constant. Thus
proving that limt→∞(y(t), vs(t)) = (y¯0, 0) semi-globally
and locally exponentially in the presence of bounded para-
metric uncertainty and bounded constant disturbances for
all initial conditions in Xs other than the unstable equilibria
and their stable manifolds provided that ||va(t)|| ≤ ka for
all t > 0.
The exponential convergence implies that there exists
κ > 0 such that ||vs(t)|| ≤ ||vs(0)||e−κt and ||τu − τ¯u|| ≤
ν e−κt where ν = (||∆s|| + gsτ + 3ksg0). The assumption
that τa(vs, va) is quadratic in the velocities implies that
there exists ga1 ≥ 0 such that 〈τa, va〉 ≤ g3||vs||||va||2.
Consider the non-negative function Wa : Ga × Ga 7→ R
defined to be Wa = Va + 〈〈va, va〉〉/2. The derivative of
this function along the dynamics of the closed loop system
satisfies W˙a ≤ 2 (ν||B||+ ksga1 ) e−κtWa. This gives that
Wa ≤Wa(0) exp
(
2 (ν||B||+ ksga1 )
κ
)
.
Hence we have that ||va(t)|| ≤
(2Va(0) + ||va(0)||2) exp
(
(ν||B||+ksga1 )
κ
)
. Let k0a > 0
be such that (2Va(ga) + ||va||2) ≤ k0a on Xa. We
have shown that by picking sufficiently large PID
gains kp, kI , kd one can make λmin(Qs) and hence
κ sufficiently large. Thus there exists gains such that
(2Va(0) + ||va(0)||2) e
(ν||B||+ksga1 )
κ can be made less than
ka > k
0
a for all (ga, va) ∈ Xa and hence ensure that||va(t)|| < ka for all time t > 0.
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